We give one example for a one-parameter nonexpansive semigroup. This example shows that there exists a one-parameter nonexpansive semigroup {T(t) : t ≥ 0} on a closed convex subset C of a Banach space E such that lim t→∞ (1/t) t 0 T(s)x ds − x = 0 for some x ∈ C, which is not a common fixed point of {T(t) : t ≥ 0}.
Introduction
Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively.
A family {T(t) : t ≥ 0} of mappings on C is called a one-parameter nonexpansive semigroup on a subset C of a Banach space E if the following hold:
(sg1) for each t ≥ 0, T(t) is a nonexpansive mapping on C, that is, 
T(t)x − T(t)y

sg3) T(s + t) = T(s) • T(t)
for all s,t ≥ 0; (sg4) for each x ∈ C, the mapping t → T(t)x is continuous. We know that {T(t) : t ≥ 0} has a common fixed point under the assumption that C is weakly compact convex and E has the Opial property; see [3, 4, 5, 6, 8, 10, 12] and other works.
Convergence theorems for one-parameter nonexpansive semigroups are proved in [1, 2, 9, 11, 13, 15] and other works. For example, Baillon and Brezis in [2] proved the following theorem; see also [16, page 80] . Theorem 1.1 (Baillon and Brezis [2] ). Let C be a bounded closed convex subset of a Hilbert space E and let {T(t) : t ≥ 0} be a one-parameter nonexpansive semigroup on C. Then, for any x ∈ C, 1 t Also, Suzuki and Takahashi in [15] proved the following. Theorem 1.2 (Suzuki and Takahashi [15] ). Let C be a compact convex subset of a Banach space E and let {T(t) : t ≥ 0} be a one-parameter nonexpansive semigroup on C. Let x 1 ∈ C and define a sequence {x n } in C by
for n ∈ N, where {α n } ⊂ [0,1] and {t n } ⊂ (0,∞) satisfy the following conditions:
Then {x n } converges strongly to a common fixed point z 0 of {T(t) : t ≥ 0}.
The following theorem plays a very important role in the proof of Theorem 1.2.
Theorem 1.3 (Suzuki and Takahashi [15] ). Let C be a compact convex subset of a Banach space E. Let {T(t) : t ≥ 0} be a one-parameter nonexpansive semigroup on C. Then for z ∈ C, the following are equivalent:
holds.
Recently, Suzuki proved in [14] the following result similar to Theorem 1.3. This theorem also plays a very important role in the proof of the existence of some nonexpansive retraction onto the set of common fixed points. Theorem 1.4 (Suzuki [14] ). Let E be a Banach space with the Opial property and let C be a weakly compact convex subset of E. Let {T(t) : t ≥ 0} be a one-parameter nonexpansive semigroup on C. Then for z ∈ C, the following are equivalent: for some x ∈ C, which is not a common fixed point of {T(t) : t ≥ 0}. That is, our answer of the problem is negative.
Example
We give one example concerning Theorems 1.3 and 1.4. See also [7, Example 3.7] .
, let E be the Banach space consisting of all bounded continuous functions on Ω with supremum norm, and define a subset C of E by
where
Then 0 ∈ C is not a common fixed point of {T(t) : t ≥ 0} and
holds.
Before proving Example 2.1, we need some lemmas.
Lemma 2.2. The following hold:
Proof. We first show (i). Without loss of generality, we may assume
Hence,
, we obtain
We next show (ii). For each ε > 0, there exists
Since ε is arbitrary, we have
Then the following hold:
Remark 2.4. One and only one of the assumptions (i), (ii), and (iii) holds.
Proof. We first prove (i). We assume that 1
Then by the definition of T(t),
So, we have
by Lemma 2.2. This is a contradiction. Therefore we obtain 1
we have (T(t)x)(u 1 ) = x(0) − t + u 1 . Similarly, we can prove (ii). We finally prove (iii). We assume that 1 − α x (1 − t + u 1 ) < x(0) − t + u 1 . Then by Lemma 2.2, we have
(2.14)
This is a contradiction. Therefore we obtain 1
Proof of Example 2.1. It is clear that C is closed and convex. We first prove that T(t)x ∈ C for all t ∈ [0,1] and x ∈ C. It is clear that
In the case when t ≤ u 1 , we have
In the case when u 2 ≤ t, by Lemma 2.
3, it is easily proved that |(T(t)x)(u
In the case when u 1 ≤ t ≤ u 2 , we have
Therefore we have shown that T(t)x ∈ C for t ∈ [0,1] and x ∈ C. By the definition of {T(t) : t ≥ 0}, we have T(t)x ∈ C for all t ∈ [0,∞) and x ∈ C. We next show that {T(t) : t ≥ 0} is a one-parameter nonexpansive semigroup on C.
, and x, y ∈ C. We will prove that
We have
T(t)x (−1) − T(t)y (−1)
For u ≥ t, we have
Fix u with 0 ≤ u ≤ t. In the case when 1
In the case when
hold. Therefore (2.19) holds. Similarly we can prove (2.19) in the other cases. On the other hand, we have
Hence we have shown that 
For u ≥ t 2 , we have
, and x(0) + t 2 − u = x(0) + (t 1 + t 2 ) − (t 1 + u), the two definitions of (T(t 1 + t 2 )x)(t 1 + u) and (T(t 2 )x)(u) coincide. Therefore
(2.31)
Fix u with 0 ≤ u ≤ t 1 . Then we have
(2.32)
we have
by Lemma 2.3. So,
Similarly, we can prove that (T(t 1 )
. So, we have, for t ∈ [1/2,1), 
(2.38) (sg4) For x ∈ C and t ∈ [0,∞), we have
(2.39)
Therefore we obtain
We prove that 
for all u ∈ [0,∞) and t ∈ [0,1]. So, x(u) = x(0) = s hold for all u ∈ [0,∞). We also have Similarly, for k ∈ N with k > 2, we can prove
Therefore we have shown (2.48). So, (2.5) clearly holds. This completes the proof.
